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The Rayleigh-Taylor instability of two supersposed couple-stress fluids of uniform densities in
a porous medium in the presence of a uniform horizontal magnetic field is studied. For math-
ematical simplicity, the stability analysis is carried out for two highly viscous fluids of equal
kinematic viscosity and equal couple-stress kinematic viscosity. A potentially stable configuration
remains stable under certain conditions, and a potentially unstable configuration is stable under
certain conditions. The magnetic field stabilizes a certain wave-number range k > k*, which is

unstable in the absence of the magnetic field.
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1. Introduction

The instability of a plane interface between two
incompressible viscous fluids of different densities,
when the lighter one is accelerated into the heavier
one, has been discussed by Chandrasekhar [1]. Bhatia
[2] has studied the influence of the viscosity on the
stability of a plane interface separating two incompres-
sible superposed conducting fluids of uniform density,
when the whole system is in a uniform magnetic field.
He has carried out the stability analysis for two highly
viscous fluids of equal kinematic viscosity and differ-
ent uniform densities. The Rayleigh-Taylor instability
of two viscoelastic (Oldroyd) superposed fluids has
been studied by Sharma and Sharma [3].

With the growing importance of non-Newtonian
fluids in modern technology, the investigation of such
fluids is desirable. Stokes [4] has formulated the
theory of a couple-stress fluid. The presence of small
amounts of additives in a lubricant can improve the
bearing performance by increasing the lubricant
viscosity and thus producing an increase in the load
capacity. These additivesin a lubricant also reduce the
coefficient of friction and increase the temperature
range in which the bearing can operate.

A number of theories of the microcontinuum has
been proposed and applied (Stokes [4]; Lai et al. [S];
Walicka [6]). The theory of Stokes [4] allows for polar

effects such as the presence of couple-stresses and
body couples and has been applied to the study of
some simple lubrication problems (see e.g. Sinha et al.
[7]; Bujurke and Jayaraman [8], Lin [9]). According to
[4], couple-stresses appear in fluids with very large
molecules. Since the long chain hyaluronic acid
molecules are found as additives in synovial fluids,
Walicki and Walicka [10] modeled synovial fluids as
couple-stress fluids in human joints. Generally, the
magnetic field has a stabilizing effect on the insta-
bility, but there are a few exceptions also. For example,
Kent [11] has studied the effect of a horizontal
magnetic field, which varies in the vertical direction,
on the stability of parallel flows and has shown that
the system is unstable under certain conditions, while
in the absence of a magnetic field the system is known
to be stable. In all the above studies, the medium has
been considered to be non-porous.

In recent years, the investigation of the flow of
fluids through porous media has become an impor-
tant topic due to the recovery of crude oil from the
pores of reservoir rocks. A great number of applica-
tions in geophysics may be found in the books by
Phillips [12], Ingham and Pop [13], and Nield and
Bejan [14]. When the fluid permeates a porous
material, the gross effect is represented by the
Darcy’s law. As a result of this macroscopic law, the
usual viscous and couple-stress viscous terms in the
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equation of couple-stress fluid motion are replaced by
1

the resistance term [— k_ (u— ﬂ’Vz)q] , where u and
1

' are the viscosity and couple-stress viscosity, &, is the
medium permeability and ¢ the Darcian (filter)
velocity of the couple-stress fluid. Recently, the
thermal instability of a couple-stress fluid in a porous
medium in the presence of rotation and magnetic
field, separately, has been studied by Sharma et al.
[15] and Sharma and Thakur [16].

Keeping in mind the importance and applications
of non-Newtonian fluids, porous medium and mag-
netic field; the present paper attempts to study the
hydromagnetics of superposed couple-stress fluids in
a porous medium.

2. Formulation of the Problem and Perturbation
Equations

We consider an incompressible couple-stress fluid
layer, consisting of an infinitely conducting (hydro-
magnetic) fluid of density p, arranged in horizontal
strata and acted on by a horizontal magnetic field
H(H, 0, 0) and a gravity field g(0, 0, — g). This fluid
layer is assumed to be flowing through an isotropic
and homogeneous porous medium of porosity € and
medium permeability k.

The hydromagnetic equations governing the mo-
tion of a couple-stress fluid through a porous medium
in hydromagnetics are

g[%Jr%(q-V)q}:—Valg—kﬁl
x (v—v’vz)q+f—;(v « H) x H, 1)
V-q=0, 2)
<8Q+q-v>p:0, (3)
ot
V-H =0, (4)
2 (H V) (g VH, B

where p, p and q(u, v, w) are the density, pressure, and
filter velocity of a hydromagnetic fluid, respectively.
v, V' and u, stand for the kinematic viscosity, couple-
stress kinematic viscosity and the magnetic permeabil-
ity, respectively. Egs. (1) and (2) represent the equations
of motion and continuity for the couple-stress fluid,
whereas (3) represents the fact that the density of a fluid
particle remains unchanged as we follow it with its
motion, whereas (4) and (5) are Maxwell’s equations.
The initial stationary state, whose stability we wish
to examine, is that of an incompressible couple-stress
fluid of variable densitiy, viscosity and couple-stress
viscosity, arranged in horizontal strata in a porous
medium. The system is acted on by a horizontal
magnetic field H(H, 0, 0). Consider an infinite
horizontal layer of thickness d bounded by the
planes at z=0 and z=d. The character of the
equilibrium of this initial static state is determined,
as usual, by supposing that the system is slightly
disturbed and by following its further evolution.
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Fig. 1. Two superposed couple-stress fluids in a porous medium in hydromagnetics.
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Let 6p, op, q (u, v, w) and h(h,, h, h;) denote,
respectively, the perturbations in hydromagnetic fluid
density p(z), pressure p(z), velocity (0, 0, 0) and
magnetic field (H, 0, 0). Then the linearized pertur-
bation equations governing the motion of the couple-
stress fluid through the porous medium are

B@_ — _ﬁ _ INT72
= Vdp + gop 3 (v—vV?)q
+ e (v xh)xH 6)
4 ’

V-q=0, (7)
9]

856,0— —wDp, (8)

V.-h=0, 9)
Oh

et = (H V). (10)

Analyzing the perturbations into normal modes, we
assume that the perturbed quantities have a space and
time dependence of the form

f(2)exp(ik.x + ik,y + nt), (11)

where k,, k, are the wave numbers along the x- and y-

x0 vy
direction, respectively, k = (kﬁ + kﬁ) is the resul-

tant wave number of disurbance, n the growth rate of
the harmonic disturbance which is, in general, a
complex constant, and f{(z) is some function of z.

For perturbations of the form (11), (6)-(10)
become

|:E + i {v - (D2 — kz) }:|,0u = —ik0p, (12)
e Kk

E—}—l{v —V(D*=K)}|pv

& kl

— ik,op +/‘;f (ikoh, — ik h,), (13)

n 1 2 12

" v (02— 1)} pw = Dy

ek

—gop+ ik, — D), (14)

4

iku+ik,+Dw=0, (15)
endp=—wDp, (16)
ik.h,+ikh,+ Dh, =0, 17

enh, =ik Hu, enh, =ik Hv, enh, =ik Hw, (18)

dz
here D =—-.
wnere d

Eliminating dp between Eqgs. (12) - (14) and using
Egs. (15)—(18), we obtain

k2 1
" [D(pDw)—k*pw] +‘i—n(Dp)w+—

€ k,

x [D{u—p (D* k) }Dw— K {pu—p (D =) jw]
luesz.ch 2 _

HE (D7 K w=0. (19)

3. Two Uniform Couple-stress Fluids Separated by a
Horizontal Boundary

We consider the case when two superposed couple-
stress fluids of uniform densities p; and p,, uniform
viscosities w4, and u, and uniform couple-stress
viscosities u;" and u," are separated by a horizontal
boundary at z =0. The subscripts 1 and 2 distinguish
the lower and the upper couple-stress fluids, respec-
tively. Then, in each region of constant p, constant u
and constant u’, (19) becomes

(D> — k) (D* - ¢*)w =0, (20)
where
;=K +K+”k1 uH? klk;zf.
v 47 wen

The general solution of (20) is a linear combination
of the solutions

e** and e*%:.

21
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Since w must vanish both when z —— oo (in the
lower fluid) and z —+ oo (in the upper fluid), the
general solution of (20) can be written as

w, = Ae™ 4+ Bie™? (7 < 0), (22)

w, = Ae ¥ 4+ Be (7 > 0), (23)

where A, B,, A,, B, are constants of integration,

nk, uH?> kK2
= 2 il
o \/(k Jrv1 T ev) 4 pv, €n>
and
2
4 = \/<k2 V2 nk, ﬂeHz kllkx ) (24)
vy svz 4 p,vien

In writing the solutions (22) and (23), it is assumed
that ¢, and g, are so defined that their real parts are
positive. The solutions (22) and (23) must satisfy
certain boundary conditions. The boundary condi-
tions to be satisfied at the inface z =0 are that

w (25)
and

Dw (26)
must be continuous.

The constitutive equations for the couple-stress
fluid are

B [P 71 dv;  Ov;
= (2u—-2uV?)e;, e;= 2\, + o) (27)
The conditions on a free surface are that
N [Ou Ow
=(u-uv ><61 ox
= [/t —u (D2 — k2)] (Du + ikw) (28)
and
N el
5= (1 v><az+8y
= - (D> = K)](Dv + ikw)  (29)

must be continuous. Therefore ik,7,, + ik,t,,, with the
help of (15), yields that
[ — i (D* — k)] (D* + &)w (30)
must be continuous at the interface z =0.
Integrating (19) across the interface z=0, we
obtain another condition:

lo,Dw,— plle]z o+ [{/42 /42(D kz)}DWZ
_{ﬂl_ﬂl(Dz_kz)}le]Fo

JH? k2 k?
= (Dw, —Dw)) =S (o —pwe, (1)

where w, is the common value of w, and w, at z =0.
Applying the boundary conditions (25), (26), (30)
and (31) to the solutions (22) and (23), we abtain

A+ B, = A, + By,(=w), (32)
kA, + q,B, = —kA, — q,B,(= Dw,), (33)
1 {22 Ay + (q] + K)B1} — 4, (g7 — kz)(tﬁ +Kk*)By]
= [, {2K°A, + (‘b +k*)B,} — (g — i)
(Q2 + k2 Bz]
(= {u — W (D* = I2)}(D* + K)wy), (34)

[—kp,A2—q20,B,—kp Ay —q,p,B]
gk’
+2n2
e
+7L’lz(—kAz—q
1

(0,—p,)[A1+B+A,+B)]

2By)—u, (kA +q,B)

+1,(q5— k) (q2) Bo+ 1 (q; — k) g, B
H? k?
ﬂzn ( kA,—q,B,—kA,;—q,B;)=0. (35)

Eliminating the constants A,, B;, A,, B, from (32) -
(35), we obtain a fourth order determinant. This
determinant can be reduced to a third order deter-
minant by subtracting the first column from the
second, the third column from the fourth and adding
the first column to the third. Removing the factor
¢—k and q,—k (as ¢,=k and ¢,=k are two
characteristic roots which lead to trivial solutions)
and expanding the remaining determinant, we obtain
the following characteristic equation:
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{Zkz(alvl - azvz)}
a, £V, e Vg, Vik?
&2 . k) —
X{ k( nh)+M4 TR T
2V2ik2
{R (a1V1 +oyv,) — nﬁ x}
X {—ay(q, + k) + avy(q, + k) (g5 + k) }

+2k[{—a2v2(q2 +K) + @ (g + K) (¢ + )}

Vik:
(g1 +k) _W}

e aV Vik?
b S gy k- T

avy(q+k)(q; +K)}
2V3k?
n2

+ {aﬂ’l (g1 +k) —

e
X {R 1 fn—kl(alvl +a,v,) —

- {Zkz(alvl - azvz)}

a, ey e aviq Vik?
e Y I N I _
X { K ( _knk3>_+nk1 A

P12 o — 1%

[23%)

pitp T pitp

gk 2 p H?
= (g, —a;), Vi=—"——.

n (@, —a) 4 4n(p, + py)

4. Discussion

The dispersion relation (36) is quite complicated, as
the values of g, and g, involve square roots. We
therefore make the assumption that the couple-stress
kinematic viscosity v’ is very high.

Under this assumption we have

2 2 71/2
g = k|1 v nk, uH* kk:
vk evk?  4m u'k’en
B v nk,  uH* kK
N k{l T T2t s wkien|’ (37)
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Putting v, =v,=v, v, =v,’ =7’ (the case of equal
kinematic viscosities and equal couple-stress kine-
matic viscosities), for mathematical simplicity, but
any of the essential features of the problem would not
be obscured by this simplifying assumption, we have

nk, H? kK>
G +k=q,+k= Pk+— He L X}(sa

’k 2evik 8 wken

and
q+k=q+ K

H2 2
_PH+V+”& a hh} (39)
v ooev 4 u'en

Substituting the values of ¢, + &, g, + k, ¢} + k* and
g3+ k* from (38) and (39) in (36), we obtain the
dispersion relation

Agn® + A0’ + Agn® + Agp’ + A
+ AR+ AP+ An+ A,

—0, (40)

where
Ag=[eV' (P Pg)], A;=[eV(P1P;+P,Pg)+ki(S:Xs)],
Ag=[eV'(P\Pg+ P,P;+ P3Pg) + k (S, Xy + 5, X5)],

As=[ev'(P,Py+ P,Pg+ P;P,+ P,P)
+ k(81 X100+ 8, Xy + 55 X5) + S5,

Ay=[eV'(P1Pyy+ P,Py+ P3Py + Py Py + PsP)
+ k1 (8:X 10+ 83X + S, X5) + 55],

Ay = eV (PyPyg+ P3Py + PPy + PsP;)
+ k1 (S3X10 + 84Xy +85X5)],

A, =[eV'(P3Pyg+ Py Py + PsPg) + ki (84X 1 + S5.X5)],

A, =[eV'(PyPyg+ PsPy) + k(S5X1)], Ag= [eV/(PsPy)],

and

Pi=X}, P, =X, (X,+X,), P;=(2X, X3+ X, X)),
P,=X;(X,+X,), Ps=X;, Ps=4a,0,(X, X;),
Pr=4a,0,( X, X5+ X, X5),

2kv(a;—a,

>2> 7

P8:4a1a2 <X1X7+X3X5+X4X6_ 4a a
1942
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Py=X;Xs+ X, X7, P1y=X3X7,

S1=X1Xs,

S, = (X1 X+ X, X5),

S;= (X1 X7+ Xy X5+ X5X5), Sy = (X, X5+ X5 X),
Ss=X3X;, Sg=2kk\v(a,—a,)’, S;=2ekv (a, —a,)’,

_ kl _ 4 _ Aueszlk,%
Xlst’k7X2(k+2v’k>’X3( 8m wek)’

X, = (Zk+%{), Xs= (%) ;

, w, H? ky k>
Xo= (2K, Xp= [0
6 ( v kz)a 7 < 4t ﬂ/ﬁ )

eV
Xg=(oy *0‘2)27 Xy=(ay *az)zk*a
1

Xio=gk(a;—a,).

(a) Stable case:

For the potentially stable arrangement a; > a, we
find, by applying Hurwitz’s criterion to (40), that all
the coefficients in (40) are positive if

a0y > % (42)

and so all the roots ‘n’ are either real and negative; or
there are complex roots (which occur in pairs) with
negative real parts and rest negative real roots. The
system is, therefore, stable in each case. Hence, the
potentially stable configuration remains stable for the
case of two superposed couple-stress fluids in a
porous medium in hydromagnetics under the con-

. 1
dition o, 0, > 3

. Chandrasekhar, Hydrodynamic and Hydromagnetic
tability, Dover Publication, New York 1981.
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H
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real and negative; or there are complex roots (which
occur in pairs) with negative real parts and the rest
negative real roots. The system is, therefore, stable in
each case.

, and so all the roots ‘n’ are either

Hence for the stability of two superposed, couple-
stress fluids in a porous medium in hydromagnetics,

besides a,a, > %, we have kK2V3 > 2gk(a; — a,)

wsecze(: kx), where V3 = e

| % 4rp
and 6 is the angle between the wave vector k and the
magnetic field H. The magnetic field therefore
stabilizes a certain wave-number range k > k*, which
would be unstable in the absence of a magnetic field
(Sharma et al. [17]).
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